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ABSTRACT 
A f u e l  optimum s o l u t i o n  f o r  a rocke t  i n  a  d rag - f ree  
c e n t r a l  f o r c e  f i e l d  i s  p resen ted .  The s o l u t i o n  i s  r e s t r i c t e d  
t o  powered f l i g h t s  i n  which t h e  maximum p o s i t i o n  change i s  
smal l  compared with t h e  d i s t a n c e  from t h e  c e n t e r  of t h e  f o r c e  
f i e l d .  This  c o n d i t i o n  i s  s a t i s f i e d  by most powered maneuvers 
c u r r e n t l y  being u t i l i z e d  i n  space t r a j e c t o r i e s .  
F i r s t ,  t h e  s o l u t i o n  of  t h e  problem i n  a  uniform f o r c e  
f i e l d  i s  ob ta ined  us ing  P o n t r y a g i n t s  P r i n c i p l e  i n  t h e  Optimal 
Control  t heory .  A p e r t u r b a t i o n  t echn ique  i s  t h e n  used t o  s o l v e  
t h e  c e n t r a l  f o r c e  f i e l d  problem. The i n t r o d u c t i o n  o f  t h e  per -  
t u r b a t i o n  technique  makes t h e  d i f f e r e n t i a l  equa t ions  i n t e g r a b l e ,  
but  a t  t h e  same t ime imposes t h e  p o s i t i o n  change r e s t r i c t i o n .  
Because of  t h e  lengthy  form of t h e  i n t e g r a l s  o b t a i n e d ,  
a numerical method i s  recommended f o r  e v a l u a t i n g  t h e  i n t e g r a t i o n  
cons t  a n t s  . 
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1 . 0  INTRODUCTION 
Th i s  memorandum p r e s e n t s  a  r e s t r i c t e d  s o l u t i o n  o f  
t h e  optimum t h r u s t  o r i e n t a t i o n  program f o r  a r o c k e t  i n  a  drag-  
f r e e ,  th ree-d imens iona l  c e n t r a l  f o r c e  f i e l d .  The s o l u t i o n  
i s  a n a l y t i c a l l y  o b t a i n e d  u s i n g  t h e  t h e o r y  o f  op t ima l  c o n t r o l .  
The r e s t r i c t i o n  on t h e  a p p l i c a b i l i t y  of t h e  s o l u t i o n  i s  t h a t  
t h e  maximum d i s t a n c e  between any two p o i n t s  on t h e  f l i g h t  
p a t h  must be sma l l  when compared w i t h  t h e  d i s t a n c e  from t h e  
c e n t e r  of  t h e  f o r c e  f i e l d .  Th i s  r e s t r i c t i o n  e x i s t s  because 
o f  t h e  u t i l i z a t i o n  o f  a  p e r t u r b a t i o n  t e c h n i q u e  which i s  i n t r o -  
duced i n  o r d e r  t o  make t h e  e q u a t i o n s  i n t e g r a b l e .  S ince  most 
space  t r a j e c t o r i e s  be ing  considereG c u r r e n t l y  c o n s i s t  o f  l o n g  
c o a s t i n g  a r c s  and s h o r t  powered f l l g h t  a r c s ,  t h i s  r e s t r i c t e d  
s o l u t i o n  has  numerous a p p l i c a t i o n s  i n  p h y s i c a l  problems.  
Powered l u n a r  desc3nt  t r a j e c t o r i e s  and t r a n s f e r s  between 
t r a j e c t o r i e s  a r e  t y p i c a l  problems i n  which t h e  s o l u t i o n  may 
be used.  
The g e n e r a l ,  u n r e s t r i c t e d  s o l u t i o n  o f  t h i s  problem 
has  no t  y e t  been o b t a i n e d .  Only a  few o f  t h e  i n t e g r a l s  o f  
t h e  Euler-Lagrange d i f f e r e n t i a :  e q u a t i o n s  f o r  t h e  problem 
a r e  known" I .  The optimum + h r l  s t  program f o r  a  r o c k e t  i n  a  
two d imens iona l  uniform f o r c e  ' . ' ield was f i r s t  o b t a i n e d  u s i n g  
t h e  c a l c u l u s  o f  v a r i a t i o n s  by Lawden i n  1957C21. A summary 
and some a d d i t i o n a l  r e s u l t s  can be found i n  Reference  [3 ] .  
Leitmann l a t e r  t r e a t e d  t h e  problem a g a i n  u s i n g  t h e  t h e o r y  o f  
op t imal  c o n t r o l  [4351.  The sec.,nd s e c t i o n  o f  t h i s  memo pre-  
s e n t s  a  b r i e f  summary o f  P o n t r r a g i n ' s  t h e o r y  o f  op t ima l  
c o n t r o l  C4,51. Using t h e  theor ,{ ,  t h e  op t ima l  s o l u t i o n  f o r  a  
rocke t  i n  a  th ree-d imens iona l  uniform f o r c e  f i e l d  i s  o b t a i n e d  
i n  S e c t i o n  3.  The problem i n  a  c e n t r a l  f o r c e  f i e l d  i s  f o r -  
mulated i n  S e c t i o n  4 .  It i s  t h e n  shown t h a t  under  t h e  r e s t r i c -  
t i o n  d e s c r i b e d  above, t h e  system can  be cons ide red  as a 
ne ighbor ing  system o f  t h e  uniform f o r c e  f i e l d  problem. A 
p e r t u r b a t i o n  t echn ique  i s  used t o  s i m p l i f y  t h e  d i f f e r e n t i a l  
e q u a t i o n s  based on t h e  a l r ebdy  i n t e g r a t e d  uniform f o r c e  f i e l d  
system as t h e  p a r e n t  system.  The p e r t u r b e d  system i s  i n t e -  
g r a t e d  and t h e s e  i n t e g r a l s  a r e  combined w i t h  t h e  i n t e g r a l s  
f o r  t h e  p a r e n t  system t o  f u r q i s h  t h e  r e s t r i c t e d  s o l u t i o n  t o  
t h e  c e n t r a l  fo-?ce f i e l d  problem- 
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Two things concerning the solution should be noted. 
First, the solution obtained from Pontryaginfs Maximum 
Principle has only satisfied some necessity tests for being 
an optimum; its optimality is not guaranteed. Some theorems 
on the existence of c~timal controls for linear systems have 
been established [ 4 ] ,  but they do not apply to the problem 
being considered. Second, if the solution to the parent system 
,was in f?.ct an optimal solution, the optimum may no longer 
exist in the perturbed system. However, if it does exist, then 
the solution to the perturbed system is a good representation 
of the optimal solution. Without the sufficiency test and the 
existence proof, one can only rely on numerical comparison to 
determine the validity of the solution for each individual 
problem. 
A numerical targeting scheme is being developed to 
evaluate the integration constants for given boundary condi- 
tions. A discussion of the scheme is given in the last sec- 
tion. Details of the numerical method and illustrative appli- 
cations are not included in this memorandum. It is intended 
to apply the solution to obtain a fuel optimum thrust orienta- 
tion program for the powered descent phase of the lunar landing 
mission. 
2.0 OPTIMAL CONTROL FOR A DYNAMICAL SYSTEM 
The problem of finding an optimal control for s 
dynamical system is briefly described and formulated in this 
section. 
2.1 The State and the Control 
Consider a dynamical system characterized by a set 
of n variables xl, y2 ,  ..., x n ' These variables are functions 
of time of class c2, and they define the state of the system at 
-
any instant of time. If a vector in an n-dimensional Euclid- 
ean space E" is defined as 
the state of the system at any instant of time may be represented by 
a point in the space which will be referred to as the state space. 
The behavior  of t h e  system i s  governed by a  s e t  
of d i f f e r e n t i a l  equat ions  c a l l e d  t h e  s t a t e  equa t ions  g iven 
by 
where ul, u ..., urn 
2 '  
a r e  co ? o l  v a r i a b l e s .  The v e c t o r  
5 A (ul, U 2 ,  ..., u r n  which l i e s  i n  an  m-dimensional Euclid-  
ean space E ~ ,  w i l l  be c a l l e d  t h e  c o n t r o l .  A c o n t r o l  i s  admissable 
i f  it s a t i s f i e s  t h e  two p r o p e r t i e s  
i)  = z ( t )  i s  a piecewise continuous f u n c t i o n  i n  some 
f f i n i t e  i n t e r v a l  t e [ t o ,  t 1. 
f ii) ; E U Y t c  [to, t 1 and U C E ~  i s  a  p resc r ibed ,  bounded 
s e t .  
The func t ions  f i  a r e  assumed t o  be continuous i n  a l l  arguments, 
a f a  
--2 e x i s t  and a r e  continuous f o r  i , j = l , 2 ,  ..., n. 
ax 
2.2 The Cost Var iab le  
The c o s t  t o  t r a n s f e r  t h e  system from a s t a t e  $(tl) 
t o  another  s t a t e  2 ( t 2 )  i s  given by t h e  i n t e g r a l  
-P -+ f I f 0 ( x , u ) d t ,  Geu and t e [ t o ,  t 3 -  
to 
- 
*Time may appear e x p l i c i t l y  i n  t h e  equat ion  a s  a  s t a t e  
v a r i a b l e  . 
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Note t h a t  t h e  cos t  i s  dependent on t h e  path  of t h e  t r a n s f e r  
and t h e  path  i s  dependent on t h e  con t ro l  ;. Introducing a 
cos t  va r i ab l e  xo defined by 
one has 
and 
augmented t o  E"'~ by 
cost  va r i ab l e  x i .  A po in t  i n  t h e  augmented s t  
then given by 
Let t h e  s t a t e  space E" be including t h e  
a t e  space i s  
This vector  i n  E"" w i l l  be r e f e r r e d  a s  t h e  s t a t e  of t h e  system. 
The s t a t e  equations can now be w r i t t e n  i n  t h e  vector  form 
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where f = (fo, fl, . . . , fn) is also a vector in Entl. Equation 
(1) is assumed to have a unique solution for every given initial 
+ 
condition $(to) = x0 with a given control d(t). Note that xo 
does not appear explicitly in f .  
2.3 The Initial and The Terminal Manifolds 
The state of the system is prescribed at t = to and 
t = tf > to by some end conditions 
in which tf - to is not specified and the cost variable xo 
does not appear explicitly. The equations ~ ~ ( ( t ~ ) )  = 0 define 
an (n-p)-dimensional manifold, called the initial manifold, 
in the state space E". The equations Ws = 0 define an 
(n-q)-dimensional manifold, called the terminal manifold, in the 
En. Since xo(tO) = 0, the initial manifold is unchanged when 
f En is augmented to E"". On the other hand, since xQ(t ) is not 
restricted by the end conditions, the terminal manifold becomes 
(n+l-q)-dimensional in Note that if p=q=n, the initial 
and the terminal manifolds each reduce to a single point in 
the state space E". 
2.4 The Optimal Control and the Pontryagints Maximum Principle 
A trajectory of the system is a solution curve of 
equation (1) in Entl whose projection in En initiates in the 
initial manifold and terminates in the terminal manifold (see 
Figure 1). 
f An op t ima l  c o n t r o l  ;*(t), tOltlt  , i s  a c o n t r o l  3 c U 
LI 
whose r e s u l t i n g  t r a j e c t o r y  minimizes t h e  t o t a l  c o s t  x o ( t l ) .  The 
f 
minimum va lue  of t h e  c o s t  x , ( t  ) i s  unique b u t  t h e  op t ima l  
c o n t r o l  aqd t h e  cor responding  op t ima l  t r a j e c t o r y  may not  be 
unique.  I n  o t h e r  words, t h e r e  may e x i s t  more t h a n  one c o n t r o l  
w i t h i n  U t h a t  r e s u l t s  i n  d i f f e r e n t  t r a j e c t o r i e s  w i t h  t h e  same 
minimum c o s t .  
A neccessary  c o n d i t i o n  f o r  a c o n t r o l  f E U t o  be 
opt imal  i s  g iven  by a maximum p r i n c i p l e  e s t a b l i s h e d  by Pont- 
r y a g i n .  The maximum p r i n c i p l e  can  a l s o  be used t o  f i n d  t h e  
opt imal  c o n t r o l  ( o r  c o n t r o l s )  i f  i t  e x i s t s .  Before s t a t i n g  
t h e  p r i n c i p l e ,  some a d d i t i o n a l  terms must be in t roduced .  An 
a d j o i n t  v a r i a b l e  ;(t) = A ,  A l ,  . . . , A n )  i s  a v e c t o r  i n  E"" and 
i t s  components s a t i s f y  t h e  a d j o i n t  e q u a t i o n s  
A f u n c t i o n  ff i s  formed by t a k i n g  t h e  s c a l a r  product  of 1 and f 
Using t h e  f u n c t i o n  H ,  t h e  s t a t e  equa t ion  (1) and t h e  a d j o i n t  
equa t ion  ( 3 )  can be r e w r i t t e n  a s  
For t h e  problem g iven  above, Pon t ryag in ' s  Maximum 
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P r i n c i p l e  s t a t e s  t h a t  i f  ;#(t), to 5 t 2 tf, i s  an  opt imal  con- 
t r o l ,  which r e s u l t s  i n  an opt imal  t r a j e c t o r y  x * ( t ) ,  t h e n  t h o r e  
e x i s t s  a nonzero continuous f u n c t i o n  f ( t ) ,  s a t i s f y i n g  t h e  ad- 
j o i n t  equa t ions ,  such t h a t  
1 f o r  a l l  
iii) h o ( t )  = cons tan t  5 0 ,  
i v )  The p r o j e c t i o n  of X ( t )  i n  t h e  s t a t e  space E" i s  normal 
t o  t h e  i n i t i a l  manifold a t  t=tO and i s  normal t o  t h e  
f t e r m i n a l  manifold a t  t=t . 
2.5 TJhe Trans-vgrsality Condition 
Condit ion ( i v )  of t h e  p r i n c i p l e  i s  a l s o  c a l l e d  t h e  
t r a n s v e r s a l i t y  condi t ion .  Let go be a  v e c t o r  i n  E" t angen t  
t o  t h e  i n i t i a l  manifold a t  x * ( t O ) .  go = (n f ,  . . . non) 
must s a t i s f y  
With equa t ion  ( 6 . 1 ,  p of  t h e  n  components o f  ao may be expressed 
i n  l i n e a r  combinations of t h e  remaining (n-p) components, which 
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are arbitrary. The condition that X(t) must be normal to the 
initial manifold can now be expressed by 
Since (n-p) of the n components in f o  are arbitrary, the 
coefficients of these arbitrary components in (6.2) must vanish, 
yielding (n-p) - conditions on ; and at t=to. Sirr.ilarly, (n-q) 
conditions are given at the terminal manifold by 
and 
Finding the optimal control c e  and optimal trajectory 
-b 
x* involves Ltegrating the (ntl) state equati6ns .and the (ntl) 
adjoint equations. Excluding k,(tO) and x,(tO), a total of 
2n integration constants arise from the integrals. These con- 
stants are evaluated using the (p+q) end conditions and the 
(2n-p-q) transversality conditions. A, (to ) A 8  is unrestrict- 
ed and xo(tO) = x8 4 0 by definition. 
2.6 The BanpBang Control 
If some of the components of the control f appear 
linearly in the state equations, that is, If 
where 
P' i s  a  v e c t o r  func t ion  non l inea r  i n  ;",and F i s  a (n+l)x(m-r) 
m a t r i ~ ,  then  t h e  f u n c t i o n  ff assumes t h e  form 
The f i r s t  t e r q  of H w r i t t e n  i n  component form i s  
where 
If  each contr,: which appears l i n e a r l y  i s  constrained by 
min 
< u max Uk L U k  - k k = 1,2, ..., v 
then the  condi t ion t h a t  H (1, t*, a*) i s  t h e  aupremun of 
-b H (i, * ,  U) V ; c U implies 
Ok i s  ca l l ed  t h e  switching funct ion f o r  t h e  kth con t ro l  uk; 
- max min t o  t h e  uk whenever u k ( t )  changes s i g n ,  u[ switches from uk 
o r  conversely. I f  a k ( t )  i s  continuous and i t  crosses  zero 
f only a f i n i t e  number of times i n  [to,t 1, then i t s  corresponding 
control  var iab le  uk i s  c a l l e d  a bang-bang con t ro l  C41, o r  
s imply,  uk i s  bang-bang. A bang-bang con t ro l  t akes  on only 
f Its l imi t ing  values through t h e  e n t i r e  time i n t e r v a l  [to,t 1. 
2.7 Non- in t e~ ra l  - --. cos t  var iab le  -
The cost  of t r a n s f e r  i n  some dynamical systems i s  
given by 
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It contains a non-integral term G in addition to the integral. 
In order to apply the maximum principle, one may convert the 
co.~; into an integral form by introducing two new variables 
x,+~ and given by 
Consequently, the cost becomes 
cost = j (fo + u,+pt. 
to 
The maximum principle can then be applied. It was shown [4] 
that the new variables x ~ + ~  and do cot enter in either 
the ff function or the transversality conditions; therefore, 
conditions i), ii) and iii) in fhe principle can be directly 
applied disregarding the new va~iables. The new adjoint vari- 
able An+l corresponding to x ~ + ~  was shown to satisfy 
'n+l = -Ao = constant < o. - 
Hence, An+l can also be disregarded. The only necessary modi- 
fication caused by increasing the dimension of the state space 
is in the terminal transversality condition. When condition (iv) 
of the maximum principle is applied to the new system, one gets 
instead of (7.1) and (7.2) the following 
In summary, systems having nonintegral cost variables 
given by (9) can be treated the same as systems having integral 
cost variables except that (10.1) and (10.2) are used in place 
of (7.1) and (7.2). 
3.0 ROCKET IN A UNIFORM FORCE FIELD 
The optimal control for a rocket in a drag-free two- 
dimensional uniform force field has been found [5]. The solu- 
tion of the same problem in a three-dimensional uniform force 
field is obtained here. The solution is then used as the 
basis of perturbation from which the restricted solution for 
a rocket in a central force fiela will be found. 
3.1 State Equations 
A rocket is placed in a uniform force field. Let 
x, y ,  and z denote the components of the position vector of 
the rocket with reference to an inertially fixed rectangular 
coordinate frame. The frame is chosen such that the field 
force is in the negative y-direction (Figure 2). The gravi- 
tational force applied to the rcckex is denoted by mgd, where 
m is the mass of the rocket and g is a constant. Let B 
denote the fuel mass flow rate of the propulsion system and 
c denote the effective exhaust velocity. The magnitude of 
+ 
the thrust vector T is given by 
Bellcomm, Inc. - 13  - 
The d i r e c t i m  l ~ f  t h e  t h r u s t  vec to r  i s  cha rac t e r i z ed  by t h e  
two ang les  Q and + ; 0 i s  t h e  ang le  between 4 and t h e  xy-plane 
and 4 i s  t h e  angle  between t h e  x-axis and t h e  p r o j e c t i o n  of  ? 
i n  t h e  xy-plane (Figure  2 ) .  Defining u, v and w t o  be t h e  
components cf  t h e  v e l o c i t y  vec to r  i n  t h e  same r e f e r ence  frame, 
one can w r i t e  t h e  equat ions  of motion i n  t he  fo l lowing Porm 
i - u = o ,  
i - v = o ,  
L w = O ,  
G - ( C S C O S  6 cos 4)/m = 0, 
; + g - ( c ~  cos 8 s i n  $).,/rn = 0,  
- ((26 s i n  e ) / m  = 0. 
The t o t a l  mass moving wi th  t h e  rocke t  dec reases  as f u e l  i s  
expel led  through the exhaust.  The r e l a t i o n s h i p  between t h e  
mass and t h ?  f u e l  flow r a t e  i s  given by t h e  d i f f e r e n t i a l  equa- 
t ion 
The s t a t e  02 t h e  system i s  def ined  by t h e  seven v a r i a b l e s  
x1 = x, x2 = y ,  x3 = z ,  x4 = u, x5 = V, X6 = w and x = m. 7 
For gene ra l i t y ,  l e t  t h e  cos t  t o  t r a n s f e r  t h e  system from to 
t o  t be of t h e  form of  equat ion (9) ,  i . e . ,  
co s t  = x O ( t )  + ~ ( % ( t ) )  
Bellcomm, Inc. - 14 - 
8 The augmented s t a t e  space is  an E con ta in ing  v e c t o r s  x = (x,, 
X1, ...., X7) . I f  t h e  c o s t  i s  de f ined  a s  t h e  t o t a l  f u e l  con- 
sumption, then  one has  
and 
Since  x, 0, t h e r e  i s  no need t o  b r i n g  A, i n t o  t h e  a d j o i n t  
equat ions  (a l though A, w i l l  appear  i n  t h e  t r a n s v e r s a l i t y  condi- 
t i o n ) .  The f u e l  f low r a t e  and t h e  two s t e e r i n g  ang les  a r e  t h e  
c o n t r o l  v a r i a b l e s  of t h e  system; however, it i s  more convenient 
t o  in t roduce  t h e  fo l lowicg  a l t e r n a t i v e  d e f i n i t i o n .  Let 
-f 
u  = (ul, U p  U3, u4 )  be g iven by 
U ' B ,  1 
u* = cos e cos 4 ,  
u3 = cos e s i n  (, 
u4 = s i n  0 ,  
with  t h e  c o n s t r a i n t s  
and 
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the unit vector (9, u3, u4) represents the direction of the 
thrust. Another constraint is introduced by assuming that 
the fuel flow rate ul is throttlable between an upper limit 
uyax and a lower limit ul min - > 0, i.e.,: 
max min < u- < u- < u. 
These two c 
the control 
4 
onstraints define the admissable set U c E for 
-b 
u. With the definition of 3 and 8, the state 
equations become 
. 
- C 
"5 - jl; U1 U3 - go, 
and 
3.2 End Conditions .- 
Let the position and velocity of the rocket be given 
f at t = to = 0 and at t = t > 0. Let the mass of the rocket be 
given at t = 0. These are represented by the following equations 
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Equations (12.1) to (12.7) define a fixed point in the state space, 
equations (12.8) to (12.13) define a one-dimensional terminal 
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manifold. Consequently, the initial transversality condition, 
given (6.1) and (6.2),will be trivially satisfied. 
Because the cost variable is a non-integral ty e the 
terminal transversality condition is given by Equations Pld.1) 
and (10.2). Substituting the end conditions (12.8) to (12.13) 
into (10.1) yields 
Consequently, the tangent vector at the terminal manifold is 
given by 
The terminal transversality condition (10.2) then becomes 
Since qf is arbitrary, one has 7 
The maximum principle stated that A 2 o; hence (12.14) does 
f 
not fix the value of A7(t ). In general, both A. o and 
1, = -1 < o should be tested. 
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3.3 The H Function and t h e  Adjoint  Equation 
To f i n d  t h e  opt imal  c o n t r o l  3. E U f o r  t h e  system, 
t h e  a d j o i n t  v e c t o r  f = (A, ,  A ~ ,  ..., A n )  i s  in t roduced.  The 
components of t h e  a d j o i n t  v e c t o r  s a t i s f y  t h e  a d j o i n t  equa t ions  
given by (3) which become 
Forming 1 f y i e l d s  t h e  H Tunction 
min 
and i t  i s  seen t o  Reca l l  t h a t  ul s a t i s f i e s  ul 2 ul 5 ul 
.#,' 
. , . , .
. , 
' J  ' Bellcomm, Inc. 
appear l i n e a r l y  i n  H ; hence, ul i s  bang-bang provided t h a t  
its swi tching f u n c t i o n  
f 
vanishes only a f i n i t e  number of  t imes  i n  [to,t 1. 
3 . 4  I n t e g r a l s  of t h e  System 
The i n t e g r s l s  of equa t ions  (12.1) through (12.6) & r e  
e a s i l y  obta ined 
where t h e  C i r s  a r e  t h e  i n t e g r a t i o n  cons tan t s .  I n  view of t h e  
f c o n t i n u i t y  reqilirement on t, C1 t o  C6 remain unchanged i n  [to,t ] 
d e s p i t e  t h e  p o s s i b l e  d i s c o n t i n u i t i e s  i n  ul caused by owitchings.  
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represents the scalar product of the vector ( Q ,  "6) and 
Cul the unit vector (u2, u3, u4). Since 7 is a non-negative 
7 
quantity, the product 
attains its maximum when the unit vector (u2, u3, u4) is 
co-directional with (A4, A5, n6). Consequently, this becomes 
a necessary condition for ff to be the supremum as was required 
in the maxim~n principle. The co-directional requirement implies 
that 
- . . . - -.  -- - . . . 
2 
where A = $4 + + A: 2 o is the magnitude of (Q, 3, " 6 ) -  
Converting the control variables back to the steering angles, 
one has 
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and 
t a n  = .,/]I: + U: A ~ / - / A ~  + A: 
Two t h i n g s  should be noted a t  t h i s  p o i n t .  F i r s t ,  t h e  d i r e c -  
t i o n  c o n t r o l s  $(t) arid 8 ( t )  a r e  ob ta ined  inde?endent l)  f, om 
t h e  burning r a t e  ul. Second, i f  8 ~ 0  ( a  p l a n a r  problem), 
t h e  r e s u l t  reduces  t o  t h e  b i - l i n 2 a r  t angen t  s t e e r i n g  law ob ta in -  
ed by Lawden [2J. 
Some g e n e r a l  remarks may be wade about t h e  s t e e r i n g  
ang les .  The a d j o i n t  v a r i a b l e s  A 4 ,  A s ,  i3nd A 6  a r e  l i n e a r  func- 
t i o n s  of time; each may vanieh a t  m u s t  m c e  i n  t h e  i n t e r v a l  
[tO,tf]. The ang les  9 LC?! ) def ined  by t h e s e  a d j o i n t  v a r i a -  
b l e s  a r e  cont inuous f u n c t i o n s  o f  t i r e  except  f o r  t h e  two s p e c i a l  
cases  : 
1; A 4 ( t l )  = A 5 ( t 1 )  0 f f o r  some t c [ t o , t  1 1 
For t h e  f i rs t  case ,  + w i l l  have a :~ii,.~ of  H r a d i a n s  a t  t=tl. 
For t h e  second case ,  ~ ( t ~ )  = 0 and both  0 and 4 w i l l  cach  have 
a jump of n r a d i a n s  at t=tl. 
As has  been shorn prev ious iy ,  ul i s  bang-bang i f  
the switching function al vanishes only a finite number of 
times. To study the behavior of al, the obtained integrals 
are used to rewrite equation (15 ) as 
Differentiating a1 once and using equations (11.7) and (13.71, 
one has 
where 
and 
In this equation, c is a positive constant and neither x7 
(the mass of the rocket) nor ~ ( t )  change their signs in 
[to ,tf] . Hence, three possibilities exist concerning the 
behavior of al and il 
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The condition H =O for ~ptimality implies X =O. 5 Consequently, 
the steering angles reduce to 
tan 9 = 0 
and 
tan 0 = CG/C4 = Constant 
which represent a constant horizontal direction. Because of 
the conditions imposed on the integration constants, this solu- 
tion cannot satisfy the prescribed end conditions in general. 
f ii) '0 and ul=~onstant#O for all t .[to, t 1. 1 - 
This case a150 requires C =C =C =O. The correspond- 1 2  3 
ing ff function becomes 
Consequently 
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If  0 ~ 2 0 ,  one has u =U f o r  t e [ t " , f  f 1. 1f U , < O ,  one 
l f  has ul=u:in f o r  t 6 [ t o , t  1. E i t h e r  case  r e s u l f s  i n  
t a n  p = C,-/C4 = Constant 
and 
t a n  e = c6/.\b: + C: = cons tan t .  
This  s o l u t i o n  i s  a g a i n  unacceptable  i n  t h e  g e n e r a l  
case  f o r  t h e  same reason  g iven i n  i). 
iii) A f O  and ol(t)j!O i n  [ t o , t f l .  
This  i s  t h e  genera l  form o f  t h e  swi tching f u n c t i o n .  
The numerator of il, (At -E) ,  i s  a l i n e a r  f u n c t i o n  of 
t ime; it may vanish  a t  most once and t h i s  can occur 
only when E>O. When (At -E)  = 0,  one of t h e  follow- 
i n g  i s  t r u e  
This  impl ies  t h a t  u1 has a n  extremum. A t  
t h i s  p o i n t  
hence the extremum is a minimum. Furthermore, since 
does not vanish elsewhere, o1 is monotonic on both 
sides of the extremum thus making the minimum a glob- 
al minimum. 
This implies that has a jump from a negative value 
to a positive value resulting in a cusp in the shape of 
"1' Again, since i1 does not vanish elsewhere, the 
cusp is a global minimum. 
In conclusion, the fuel rate controlul is bang-bang, 
its switching function o, is either a strictly monotonic func- 
.I. 
tion or a function that is strictly ~onotonic on both sides of 
a global minimum. The resulting switching sequence is one of 
the following: 
max - min - max 
max - min 
min - max 
max - 
min - . 
Since ul is a piecewise constant function, its switching from 
one value to another does not affect the form of the integrated 
results. In the subsequent manipulations, 
min ) or u1 u1 = Constant (= ul 
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w i l l  be used t o  o b t a i n  t h e  remaining i n t e g r a l s  of t h e  system. 
f The i n t e g r a l s  s o  ob ta ined  a r e  v a l i d  everywhere i n  [to3t ] but  
t h e  i n t e g r a t i o n  c o n s t a n t s  w i l l  g e n e r a l l y  change t h e i r  va lues  
a t  a swi tching po in t  t o  ma in ta in  t h e  c o n t i n u i t y  of  t h e  so lu-  
t i o n .  
I n t e g r a t i n g  equa t ion  (11.7) ,  one has 
L e t t i n g  
and 
equat ion  (13.7) becomes 
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i n  which 
Defining 
2 2 2 (C1 + C 2  + C,) > 0 
4 
t h e  i n t e g r a l  of t h e  above d i f f e r e n t i a l  equat ion  i s  
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Since x 7 * C7 - ult is now a known function of time, the inte- 
gral(16.12) is well defined. i 
The integrals of equations ( 1 1 )  (11.5) and (11.6) i 
are obtained similarly as 
and 
in which 
. $ 
f 
+. Ballcomm, Inc. 
1 -1 2Ax7 + B 
- sinh s2(x7) =G re 
The integrals of equations (11.7) to (11.9) all 
involve the integrals of S1 and S2, which are obtained below. 
Letting 
one has  
and the above integral is carried out by parts 
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I 
p a r t  computed t h e  l a s t  can The i n t e g r a l  express ion  
r 
S u b s t i t u t i n g  x  back i n t o  t h e  r e s u l t s ,  one has t h e  i n t e g r a l  7 
The i n t e g r a l  of S2 i s  ob ta ined  s i m i l a r l y ,  w i th  t h e  r e s u l t  
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Using the above results, equations (11.7) to (11.9) 
are integrated as 
and 
Equations (16.1) to(16.8) give the solutions for the state 
variable 2 ,  the adjoint variable f and the control d. A 
total of fourteen integration constants have been introduced 
in the solutions. These constants and the total transfer time 
f (t -to) are the fifteen unknown constants to be evaluated in 
the integrals. The end conditions and the terminal transversal- 
ity condition given by equations (12.1) to (12.14) provide 
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four teen  r e l a t i o n s h i p s .  I n  equat ion  (12.14) , s i n c e  no evident  
reason was found t o  r e j e c t  e i t h e r  h o  = 0 o r  A, = -1, both  cases  
a r e  t o  be considered.  The cond i t ion  H = 0 g i v e s  t h e  f i f t e e n t h  
r e l a t i o n s h i p ,  whLch now reduces t o  
Because of t h e  swi tching proper ty  of ul, t h e s e  f i f t e e n  
r e l a t i o n s h i p s  cannot be solved a l g e b r a i c a l l y  t o  determine 
t h e  f i f t e e n  unknown cons tan t s .  The first s i x  c o n s t a n t s  have been 
shown t o  remain unchanged at  a swi tching p o i n t .  The remaining 
cons tan t s  ( C 7  t o  C14) w i l l ,  i n  g e n e r a l ,  change t h e i r  va iues  a t  
a  switching po in t .  The c o n t i n u i t y  of  d and h7 a t  t h e  swi tching 
p o i n t s  a r e  t o  be used t o  determine t h e  changes. The swi tching 
t imes ,  i f  t h e y  e x i s t ,  a r e  given by u l ( t )  = 0. I n  view of  t h e  lengthy 
form of t h e  i n t e g r a l s  and t h e  d i f f i c u l t i e s  i n  eva lua t ing  t h e s e  
cons tan t s ,  a  numerical scheme would be more d e s i r a b l e  when 
d e a l i n g  wi th  a  s p e c i f i c  problem. 
A ROCKET I N  A CENTRAL FORCE FIELD 
The problem of a  rocke t  i n  a drag-free c e n t r a l  f o r c e  
f i e l d  i s  encountered repea ted ly  i n  t h e  des ign  of space t r a j e c -  
t o r i e s .  Since t h e  g e n e r a l  optimum f u e l  s o l u t i o n  f o r  t h i s  prob- 
lem has n ~ t  been completely i n t e g r a t e d ,  a r e s t r i c t e d  s o l u t i o n  
i s  presented  here  i n  c losed  form. I f  t h e  set of s t a t e  equa- 
t i o n s  f o r  a rocket  i n  a  c e n t r a l  f o r c e  f i e l d  i s  compared wi th  
t h e  s e t  f o r  a  rocket  i n  a  uniform f o r c e  f i e l d ,  one s e e s  t h a t  
t h e  d i f f e r e n c e s  between them become very small i f  t h e  maxi- 
mum p o s i t i o n  change of t h e  rocke t  dur ing  t h e  f l i g h t  remains 
smal l  when compared t o  t h e  d i s t a n c e  from +.he c e n t e r  of t h e  
c e n t r a l  f o r c e  f i e l d .  This  sugges t s  t h a t  under such circumstances 
t h e  system with a  c e n t r a l  f o r c e  f i e l d  can be considered a s  
a  per turbed system of a  parent  system having a  uniform f o r c e  
f i e l d .  When t h e  s o l u t i o n  t o  t h e  pa ren t  system i a  known, t h e  
d i f f e r e n t i a l  equat ions  f o r  t h e  pert;urbed s y s t e m  may be s impl i -  
f i e d  which sometimes makes them i n t e g r a b l e ,  a?  i n  t h i s  case .  
The s o l u t i o n  so  obta ined i s  r e s t r i c t e d  t o  powered f l i g h t s  
having small p o s i t i o n  changes a s  desc r ibed  above. 
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4 The S t a t e  Equations 
Consider a rocket  placed i n  a c e n t r a l  fo rce  f f s l d  
(Figure 3 ) .  The cen te r  of t h e  fo rce  f i e l d  i s  loca ted  a t  0. 
An i n e r t i a l  reference frame Is chosen with i t s  o r i g i n  located 
on t h e  surface  of t h e  c e n t r a l  rorce  body of r ad ius  R,. The 
y-axis po in t s  along t h e  r ad ius  t h a t  passes through t h e  o r i g i n ,  
t he  x and z-axes a r e  tangent  t o  t h e  sur face ,  I f  t h e  same 
assumptions a r e  made about t he  rocket  as those  i n  Sect ion 3.1, 
t h e  equations of motion f o r  t h i s  system are 
L 
Ro i - g (-1 s i n  T s i n  p - !TB cos 8 cos +)/m = 0 ,  
0 Roth 
2 
Ro i - g COB T - (cB cos e s i n  p ) / m  = 0 ,  
2 
Ro 6 - g - s i n  r cos p - ( C B  s l n  e)/m = 0 
0 R o + h  
i n  which h i s  t he  a l t i t u d e ,  go i s  t h e  g r a v i t a t i o n a l  constant  
a t  t h e  surface  of t h e  c e n t r a l  fo rce  body, T is  t h e  c e n t r a l  
angle measured from t h e  y-axis t o  t h e  rocket  and P i s  t h e  angle 
between t h e  xy-plane and the  plane containing t he  y-axis an3 
t he  racket .  Defining 
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and in t roduc ing  t h e  new v a r i a b l e s  
X = A C O S  P 
Z = A sir: P ,  
t h e  above equat ions  a r e  expanded i n  a power s e r i e s  of E .  When 
terms involving second o r  h igher  powers  of^ a r e  omit ted from 
t h e s e  equat ions ,  one o b t a i n s  t h e  fol lowing:  
k + E (kh + xL) - u = 0, 
h - E  (xk + zi) - v = 0, 
+ E  (2h + 6) - w = 0, 
; - E ( C B  C O s  8 COS t$ ) /m + E  g 0 X = 0, 
+ go - E ( C B  eos B s i n  ()/m - ZEgoh = 0, 
6 - ( c ~  s i n  e ) / m  + c  goZ = 0. 
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I f  assumptions concerning t h e  burning r a t e  a r e  made s i m i l a r  
t o  t h o s e  i n  Sec t ion  3.1, t h e  mass f low r a t e  equa t ion  remains 
unchanged 
Defining yl = X, y 2  = h ,  y3 = Z ,  y 4  = u, y5 = v,  y6 = w and 
7 
end y7 = a, one may denote t h e  s t a t e  o f  t h e  system by &E . 
More than  one d e r i v a t i v e  appears  i n  each of  t h e  f irst  t h r e e  
equat ions  of motion. I n  o r d e r  t o  conver t  t h e s e  equa t ions  t o  
t h e  forms 
t h e  first t h r e e  equat ions  are solved simultaneously f o r  i, 6 
and i. The r e s u l t s ,  r e t a i n i n g  only l i n e a r  terms of a r e  
The c o n t r o l  of t h e  systein i s  denoted by ; = (vl, V 2 ,  vg ,  ~ 4 )  
i n  which 
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v1 = 8, 
V2 = C O S  e cos $, 
v3 = cos 8 s i n  9, 
and 
v,, = s i n  0 .  
The con t ro l  must l i e  wi th in  t h e  admissable s e t  def ined by 
max min 
> u U1 L V 1 -  1 9 
and 
With t h e s e  d e f i n i t i o n s ,  t h e  s t a t e  equat ions  of t h e  per turbed 
system becomes 
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and 
It can eas i ly  be seen t h a t  when c+O, these equations approach 
the  s t a t e  equations of t h e  parent system given by (11.1) t o  
(11.7). The so lu t icn  fo r  Y is  therefore assumed t o  approach 
the solution of 2 when E +O. 
4.2 The ff Function and the Adjoint Equations 
Denoting the  adJoint var iable  of the  system by 
a = (a1, a*, ...¶ a7), the  ff function reads 
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The ad jo in t  equat ions  a r e  
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These equat ions  approach t h e  a d j o i n t  equat ions  of t h e  
pa ren t  system when E+O. 
4 . 3  Equations of F i r s t  V a r i a t i o n  
L e t  t h e  f u n c t i o n s  bea r ing  an  a s t e r i s k  denote t h e  
s o l u t i o n s  t o  t h e  pa ren t  system. The s o l u t i o n s  f o r  t h e  pe r tu rbed  
system a r e  assumed t o  be expandable i n t o  power s e r i e s  i n  E 
a b o u t €  = 0, w i t h  t h e  expansions converging t o  t h e  pa ren t  so lu-  
t i o n s  when E + O .  When terms inc lud ing  second o r  h igher  o r d e r s  
of  E a r e  dropped, t h e  assumed s o l u t i o n s  f o r  1:he pe r tu rbed  system 
have 
and 
where t h e  barred  q u a n t i t i e s  a r e  unknown f u n c t i o n s  of t ime. 
S u b s t i t u t i n g  t h e s e  assumed s o l u t i o n s  i n t o  equat ions  (18.1) 
t o  (18.7) and e l i m i n a t i n g  t h e  pa ren t  s t a t e  e q u a t i o n s , a s  w e l l  
as terms of second o r  h igher  o r d e r  i n  E ,  one has 
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Similarly, the ad jo in t  equations become 
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and 
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i n  which 
4 . 4  I n t e ~ r a l s  of t h e  Perturbed System - 
The f i r s t  s i x  a d j o i n t  equations i n  (22) can be d i r e c t l y  
i n t eg ra t ed  a s  
f 
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and 
i n  which t h e  F,'s a r e  i n t e g r a t i o n  c o n s t a n t s .  I n  o r d e r  t o  i n t e -  
.L 
g r a t e  t h e  remaining e q u a t i o n s ,  t h e  c o n t r o l  ; f o r  t h e  pe r tu rbed  
s y s t e m  must be determined.  The maximum p r i n c i p l e  i s  a p p l i e d  
t o  t h e  ff f u n c t i o n ,  g iven  by ( l g ) ,  t o  f i n d  t h e  opt imal  c o n t r o l .  
Knowing t h a t  vl>O, t h e  supremacy o f  ff impl i e s  t h a t  t h e  v e c t o r  
(v2 ,  9 s  v 4 )  must be c o - d i r e c t i o n a l  wi th  t h e  v e c t o r  ( a 4 ,  a5,  a 6 ) ,  
and 
i n  which 
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Substituting the assumed solutions into these expressions 
and eliminating tams involving higher orders of B yields 
and 
in which 
Note that the A s  and Ti1 s appearing in the ci 's are all known 
functions of time. The control for the perturbed system may 
be expressed in terms of the steering angles, which are 
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t a n  8 = 
Note t h a t  when s+O, t h c  s t e e r i n g  angles  conver e  t o  t h e  pa ren t  f s o l u t i o n s .  The f u e l  r a t e  c o n t r o l  vl appears  1 near ly  i n  t h e  
ti func t ion .  The swi tching funct:lon f o r  v l  i s  i d e n t i c a l  i n  
form t o  ol of t h e  pa ren t  system; hence, i t s  behavior  n e i g t , ~ o r s  
t h a t  o  o le  Consequently, vl i s  bang-bang, acd it has t h e  same 
swi tching sequence a s  ul except  t h a t  t h e  swi tching t imes  a r e  
s l i g h t l y  per turbed.  Knowing t h a t  v l  i s  a  piecewise cons tan t  
func t ion  and i t  co inc ides  w i t h  ul except  nea r  a  swi tching t ime,  
one can s e t  G1 = 0 and i n t e g r a t e  equat ions  (21.4) t o  (21.7), 
t h e  r i g h t  hand s i d e s  of which a r e  now known func t ions  of time. 
These r e s u l t s  may then  be used t o  i n t e g r a t e  t h e  remaining equa- 
t i o n s .  A t o t a l  of f o u r t e e n  i n t e g r a t i o n  - c o n s t a n t s ,  C1 t o  Fl4, 
w i l l  be in t roduced i n  t h e  pro7edure. k c a u s e  of t h e  i e n ~ t h y  
form of t h e  in tegrands ,  it i s  d i f f i c u l t  t o  o b t a i n  t h e s e  i n t e g r a l s  
i n  c losed  form. However, they a r e  a l l  e x p r e s s i b l e  i n  quadra- 
t u r e s  and can be numerical ly eva lua ted  q u i t e  eas:ly. 
4.5 End Condieions and T r a n s v e r s a l i t y  Condit ions 
The end cond i t ions  f o r  t h e  per turbed  variable^ a r e  
dependent on t h e  choice  of t h e  coord ina te  system and t h e  se lec -  
t i o n  of t h e  boundary cond i t ions  f o r  t h e  pa ren t  system. Let 
t h e  coordinate  system be chosen as t h a t  shown i n  Figure 3 ,  
with t h e  y-axis con ta in ing  t h e  giver. l n i t i a l  p c s i t i o n  of t h e  
rocket .  Furthermore, l e t  t h e  i n i t i a l  and f i n a l  p o s i t i o n  a s  
w e l l  a s  t h e  v e l o c i t y  v e c t o r s  be p resc r ibed  i n  t h e  same coor- 
d i n a t e s  f o r  both t h e  parent  system and t h e  per turbed system. 
The fo l lowing end cond i t ions  r e s c l t :  
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and 
If the initial mass of the rocket is assumed to be the same 
as in the parent system, one has 
Using the cost function 
the terminal transversality condltion for the perturbed system 
is 
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i n  which a, = A ,  i s  equa l  t o  e i t h e r  zero o r  minus one, Let 
t h e  t o t a l  f l i g h t  t ime f o r  t h e  pe r tu rbed  system be assumed a s  
tf = tf* + E rf 
i n  which t f *  i s  t h e  f l i g h t  t ime f o r  t h e  pa ren t  system. The 
first o r d e r  Tay lo r ' s  expansion o f  t h e  t r a n s v e r s a l i t y  cond i t ion  
about t f *  i s  
* f *  Knowing t h a t  A 7 ( t  ) = A, y i e l d s  
f * .* f*  Both x 7 ( t  ) and (t ) c o n t a i n  t h e  i n t e g r a t i o n  c o n s t a n t s  
and tf*. The computed value  f o r  rf i n d i c a t e s  t h e  chacge i n  
r equ i red  burning t ime f o r  t h e  pe r tu rbed  system. 
S u b s t i t u t i n g  t h e  assumed s o l u t i o n s  i n t o  equa t ion  
(19)  and e l i m i n a t i n g  t h e  pa ren t  ff func t ion ,  t h e  cond i t ion  
ff = 0 reduces t o  
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Using t h e  i n t e g r a l s  (23.1) t o  (23.9) and e v a l u a t i n g  t h e  above 
equat ion  a t  t = O ,  one has  
Equat ions (24 .1)  t o  (24 .8)  provide  f i f t e e n  e q u a t i o n s  
- 
t o  so lve  f o r  t h e  f o u r t e e n  i n t e g r a t i o n  c o n s t a n t s ,  C1 t o  E14, 
and t h e  change i n  f l i g h t  t ime zf. 
5 . 0  NUMERICAL METHOD 
I n  t h e  uniform f o r c e  f i e l d  problem, t h e  de te rmina t ion  
of t h e  c o n s t a n t s  invo lves  t h e  s o l v i n g  of 1 5  coupled n o n l i n e a r  
s imultaneous equations. It i s  i m p r a c t i c a l  t o  do it a n a l y t i c a l l y .  
With t h e  a s s i s t a n c e  of  computers,  a  numerical  scheme i s  much more 
appeal ing .  I f  a numerical  method i s  t o  be used,  a d i f f e r e n t  
approach may be t aken  t o  s i m p l i f y  t h e  p rocess .  I n s t e a d  of  u s i n g  
t h e  a n a l y t i c a l  form of  t h e  s o l u t i o n s  and s o l v i n g  f a r  a l l  t h e  
c o n s t a n t s ,  t h e  equa t ions  o f  motion a r e  i n t e g r a t e d  numer ica l ly  
wi th  t h e  given i n i t i a l  c o n d i t i o n s .  The i n t e g r a t e d  opt imal  con- 
t r o l  i s  used i n  t h e  numerical  i n t e g r a t i o n  and t h e  unknown i n t e -  
g r a t i o n  c o n s t a n t s  i n  t h e  c o n t r o l  a r e  used a s  parameters  wh3ch 
a r e  numerical ly  v a r i e d  t o  f i n d  t h e  f l i g h t  pa th  t h a t  s a t i s f i e s  
t h e  p r e s c r i b e d  t e r m i n a l  p o s i t i o n  and v e l o c i t y .  Th i s  method 
e l i m i n a t e s  t h e  p rocess  o f  s o l v i n g  a s e t  o f  s imultaneous equa- 
t i o n s .  Note t h a t  t h e  s o l u t i o n s  a r e  a n a l y t i c a l l y  ob ta ined  from 
t h e  c o n t r o l  t h e o r y ,  i . e . ,  on ly  t h e  de te rmina t ion  of  t h e  i n t e -  
g r a t i o n  c o n s t a n t s  invo lves  numerical  methods. Th i s  i s  t h e  b a s i c  
d i f f e r e n c e  between t h e  numerical  method used h e r e  and o t h e r  
methods o f  numerical ly  minimizing t h e  t o t a l  f u e l  consumption. 
Af te r  t h e  c o n s t a n t s  i n  t h e  p a r e n t  s o l u t i o n  have been 
found, t h e  c o n s t a n t s  i n  t h e  pe r tu rbed  system may be ob ta ined  
i n  a  s i m i l a r  f a sh ion .  
6 .0  SUMMARY 
The f u e l  optimum s o l u t i o n  o f  a  rocke t  i n  a  t h r e e -  
dimensional uniform f o r c e  f i e l d  was formulated us ing  t h e  o p t i -  
mal c o n t r o l  t h e o r y ,  and t h e n  i n t e g r a t e d  a n a l y t i c a l l y .  Th i s  so lu-  
t i o n  i s  a  g e n e r a l i z a t i o n  of  a known two-dimensional s o l u t i o n .  
It was t h e n  shown t h a t  i f  t h e  maximum p o s i t i o n  change i s  small, 
t h e  same problem i n  a c e n t r a l  f o r c e  f i e l a  can be cons idered  as 
a  neighboring system of  t h e  uniform f o r c e  f i e l d  system. A 
p e r t u r b a t i o n  technique  was in t roduced t o  f i n d  t h e  s o l u t i o n  f o r  
t h e  c e n t r a l  f o r c e  f i e l d  system us ing  t h e  uniform f o r c e  f i e l d  
problem a s  t h e  parent  system. The opt imal  c o n t r o l  f o r  t h e  
per turbed  system was i n t e g r a t e d  i n  c l o s e d  form. Other  d i f f e r -  
e n t i a l  equa t ions  were shown t o  be i n t e g r a b l e  i n  q u a d r a t u r e s .  
Appl i ca t ion  o f  t h e  s o l u t i o n  t o  a s p e c i f i c  problem 
invo lves  t h e  e v a l u a t i o n  of  t h e  i n t e g r a t i o n  c o n s t a n t s  f o r  g iven  
i n i t i a l  and t e r m i n a l  c o n d i t i o n s .  Because o f  t h e  lengthy  form 
of  t h e s e  i n t e g r a l s ,  an a n a l y t i c a l  method i s  i m p r a c t i c a l .  An 
i t e r a t i v e  scheme i s  c u r r e n t l y  be ing  developed t o  numer ica l ly  
e v a l u a t e  t h e  c o n s t a n t s  i n  t h e  i n t e g r a l s .  The b a s i c  d i f f e r e n c e  
between t h i s  method and o t h e r  methods o f  numer ica l ly  minimizing 
t h e  t o t a l  f u e l  consumption i s  t h a t   he s o l u t i o n s  a r e  ob ta ined  
a n a l y t i c a l l y  from t h e  c o n t r o l  theory;  only t h e  de te rmina t ion  
of  i n t e g r a t i o n  c o n s t a n t s  invo lves  numerical  methods. 
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